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Preliminaries and Problem Formulation
oeo

Control System and Performance Index: $Z#IZ%. MEEISHR

Firstly, the object of study and some basic definitions are
introduced: a nonlinear affine system, and the performance J:

Nonlinear Affine System (JEZM{FSIZRSE)

N

x = f(x)+Zgi(X)Ui (1)

i=1

Performance Index (f48E¥5ER)
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Preliminaries and Problem Formulation
ooe

Problem: Finding Nonzero-sum Game Optimal Controller

The following optimization problem is established and theoretically
analyzed and solved

Multi-Player nonzero-sum games: (% &&E{IEZINEIE)
1. Value Function (#&.%&%%):

lI>

Vitbo) = min | JiGo,u(), x € R (3)

2. Hamiltanian (U RFAT):

H (x,u, VIT(x) £ ri(x(8), 0, un) + (AVF T(F(x) + 0 (g£§><)ul')

3. Pontryagin's theory extremum condition is the optimal controller

1
uf (x) £ argminH (x, u;, V{ (x)) = —QR,-Tlg;T(AVf)T (5)
ucRm
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Safety-Guarding Controller Design
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Safety-Guarding Controller Design
(o] lele]e]

Safety-Guaranteed Controller: [EfS R L £ H25

In real-world safety-critical systems, controllers that lack security
are generally difficult to apply, so this research will theoretically
analyze and design a safety-guaranteed controller

1. Definition: Safety State Region ¢ (Z& k7S

Define ¢ be the safety state region and h(x) be the boundary
function?, that is, when x € ¢ (security domain), h(x) > 0; when
x — Oc (security boundary), h(x) — 0

c={x€eR"| h(x) >0}
dc ={x € R" | h(x) =0}
Int(c) = {x e R" | h(x) > 0}

1Keng Peng Tee, Shuzhi Sam Ge, and Eng Hock Tay. “Barrier Lyapunov functions for the control of
output-constrained nonlinear systems”. In: Automatica 45.4 (2009), pp. 918-9271
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Safety-Guarding Controller Design
[e]e] Tele]

Safety-Guaranteed Controller: fE#8 R L £ F25

2. Definition: Barrier Function (FERSER%Y)

Using the function h(x) associated with the safety state region ¢
given above, the barrier function of the following specific form is
designed:
1 1
b(x) = |—— — 2

The barrier function has 3 properties as follows:

® For x(t) € Int(c), |b(x)| < o0

® lim,_,5c b(x) = 00

® b(0)=0
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Safety-Guarding Controller Design
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Safety-Guaranteed Controller: [ERS3 R £I=HIE

3. Innovation: Safety-Guaranteed Controller

Improved according to the results of the article? to get a strictly
secure controller:

up(x) = —igi(x)TT (Vb(x)T) (6)

where «; is the gain, I is the mapping that prevents the gradient
of the barrier function b(x) from tending to infinity

2Max H Cohen and Calin Belta. “Safe exploration in model-based reinforcement learning using control barrier
functions”. In: Automatica 147 (2023), p. 110684.
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Safety-Guarding Controller Design
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Safety-Guaranteed Controller: [EfS R L £ H25

For multi-player non-zero-sum game systems, the Nash equilibrium
controller and the safety-guaranteed controller are summed to
obtain the integrated controller

4. Integrated Design: Regular Controller+Safety-Guaranteed

Controller (AfT19EH=HIE + MIRRER EZFIRR)

* , 1,
u;j = argminV; = —§Rﬁ ghavy)’ (7)
uj
up,i = Ui(x, t) + up(x) (8)
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Online Approximation Based on RL
[o] lelele]e]

Online ADP: FEZEKHIEIE R BhSM KT i%

Approximation based on single-layer neural networks

According to Weierstrass theorem, a single-layer neural network
(NN) is designed to approximate the value function and controller.

® |deal value function:
Vi(x) = WTi(x) + €i(x)
® |deal controller:
uf = —3R; 7 gi(x)T (T )W + €T (x))
Optimization objective: value function

Value function Vi(xp) is the extremum of performance J;(xp, u(*)):

u(-)€S(x0) u()EeS(x0)

00 N
Vi(x0) £ min J;i(x,u(-)) = min / (Q,-(x)—i—z ujTR,-juj)dt
0 =
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Online Approximation Based on RL
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Online ADP: FEZEKHIEIE R BhSM KT i%

In order to realize the online update iteration of neural network
parameters, the Hamiltonian error value is set here as the base
element of the update target

Hamiltonian Error (X Z/RifIRZE)

5 = QT0,+XTQ,x+Z4 FoiGioltwi+ Vel Qi (9)
j=1

Iteration object: normalized least squares Hamiltonian error

8 (o
Ei=3 ——+> ( (10)
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Online Approximation Based on RL
[e]e]e] le]e]

Online ADP: TEZiEHKRBIEN ISR iE

According to the paper® proposed Concurrent Learning, the
network parameters are updated both using current data and
historical data, and the update law is shown below:

the update law

A .aEi
wWj = — /31 E
o Mo ghek (11)
= ﬂié — Bi i i
(1+070) ; (1+ (k) Tak)”

3Girish Chowdhary and Eric Johnson. “Concurrent learning for convergence in adaptive control without
persistency of excitation”. In: 49th IEEE Conference on Decision and Control (€DC). 1EEE. 2010, pp.«3674-3678.
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Online Approximation Based on RL
000080

Online ADP: FEZEKHIEIE R BhSM KT i%

Theorem1: Asymptotic stability

Network weights are asymptotically stable as following conditions
are met: _
gi¢; <0
p<0 (12)
5,’ (pT—H — 2Amin (Fk)> <0

where p = S [32418 — (@6, + &) TSI (5601151 g

Proof: Set the Lyapunov function

N

Vi=Y (Vit V) (13)

i=1

1~T~
Ed Vi =30, @
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Online Approximation Based on RL
O0000e

Online ADP: FEZEKHIEIE R BhSM KT i%

According to the given assumptions, the following inequality holds:

N

. — 1 - . _

\4S—ﬂ—(w@r+@)§:<2@¢ﬂ%H—&ﬂ> (14)
=1

p+1 p+172

hmax,i (15)

Loenfes
V< - Z ri+p
N o |
_|_Z |: i + Bi (pz - 2Am1n(1—‘k)>:| H{DIHQ
i=1

So V, <0 holds, i.e., the asymptotic stability of the weights is
proved

2 <rk>] @il + B

(16)
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Simulation Results
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Simulation Results
o] Jelele]

Simulation Results

nonlinear affine control system for 2 players and its parameters

(2 BRI ER I EHESI R S)

x =f(x) + g1(x)ur + ga2(x)u2 (17)
where
X9 — 2X1
1 1 2
f=|—3x—x + 172 (cos (2x1) +2)

+%XQ (sin (4x12) + 2)2

8= [ 008(221)—1-2 ] &= [ Sin(4)(312)+2 ]
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Simulation Results
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Simulation Results

Selection of the parameters

° Ql = 2Q2 = 2/2, R11 = R12 = 2R21 = 2R22 =2
® Unsafe boundary function h(x) = px3 —x; +1 (p=—1:
convex boundary, p = 1: non-convex boundary)

e Initial state xp = [—4,2.2]
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Simulation Results
[e]e]e] Jo]

Simulation

The tests are performed for the convex boundary and the
non-convex boundary, respectively; the red trajectory is generated
by the original controller and the yellow trajectory is generated by
the safe-guaranteed controller

25 Convex safe set 3 _ Nonconvex safe set
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Simulation Results
[e]e]ele] ]

Simulation Resultss

The following figure shows the variation of network parameters for
the two intelligences used for value function approximation,
respectively, and the final convergence illustrates the convergence
of the single-layer neural network obtained by iteration
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Thanks for your listening
Bt &5 2 PG BAYT , R ALIFARIE .
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